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Abstract. A general integral formula for the spectral flow of a path of un- 
bounded selfadjoint Fredholm operators subject to certain summability con- 
ditions is derived from the interpretation of the spectral flow as a winding 
number. 



Introduction 

Integral formulas for the spectral flow play an important role in recent developments 
in noncommutative geometry (see [BCPRSWJ and references therein). Here we have 
in mind formulas of the form 

Bf((A)t 6[ o,i]) = / (^A)^(A) dt 

for a path (-Dt)te[o,i] °f unbounded selfadjoint Fredholm operators such that certain 
summability and differentiability conditions are fulfilled. For the moment we also 
assume that Dq and D\ arc invcrtiblc and unitarily equivalent. If this is not the 
case, there is an additional contribution from the endpoints. 

Integral formulas have been proven for bounded perturbations and special classes 
of functions ip, most importantly for (up to normalization) tp(x) = (1 + x 2 )~ p / 2 
with p > and ip(x) — e~ tx for t > 0. These have applications to p-summable 
and 0-summable Fredholm modules respectively. Getzler suggested and proved the 
formula in the 0-summable case [Gl , and Carey-Phillips in the p-summable case 
[CPlj . In both cases the formulas have been generalized and extended to Breuer- 
Fredholm operators by Carey-Phillips [CPT][CP2] . 

In this paper we prove a general integral formula using the interpretation of the 
spectral flow as a winding number. In contrast to loc.cit. our proof works also 
for D t — Dq unbounded. As applications we discuss integral formulas for paths of 
elliptic operators on a closed manifold and review the p-summable case and the 
#-summable case. 

Acknowledgement: I thank the anonymous referee of a previous version of this paper 
for useful suggestions. 



1. Derivation of the integral formula 



The spectral flow of a norm continuous path of bounded selfadjoint Fredholm oper- 
ators was introduced in |APSj . It measures the net number of eigenvalues changing 
sign along the path. There are several suitable topologies on the space of unbounded 
selfadjoint Fredholm operators for which the spectral flow is well-defined. See [L] 
for a comparison. Recall that a path is gap continuous if the resolvents depend 
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continuously on the parameter. In |BLP| the spectral flow of a gap continuous path 
was defined and expressed in terms of the winding number of its Cayley transform. 
The definition of the spectral flow in terms of the winding number that we will give 
below is closely related and is justified by [Wa( Prop. 2.6]. 

Let H,H' be separable Hilbert spaces. Let B(H,H') be the space of bounded 
operators from H to H 1 endowed with the norm topology. Let K(H) C B(H) 
be the ideal of compact operators. The group of unitarics in B(H) is denoted by 
U{H). 

Let 

U K {H) = {U e U{H) | 17 — 1 e K(H)} . 

We denote by l p (H) for p G [1, oo) the Banach ideal of p-summable operators in 
B(H) with norm 

||A|| p = (TrL4p^ 

and by l°°(H) the space of bounded operators on H endowed with the strong 
operator topology. Furthermore for p £ [1, oo] let l P a (H) C l p (H) be the subspace 
of selfadjoint operators with the subspace topology. 

Per definition a selfadjoint operator D on H is Fredholm if its bounded transform 
D(l + D 2 )~z is Fredholm. Every selfadjoint operator with compact resolvents is 
Fredholm. 

We will use that for a selfadjoint operator D with compact resolvents and a con- 
tinuous map [0, 1] — * l^(H), 1 1— > A t the maps 

[0, 1] -f K(H), tn (D + A t ±i)- 1 

are continuous. 

We call a function x G C 1 (H) fulfilling 

• x~Ho) = {o}, 

• lim x _ 1 ._ 0o x(x) = -1 and lim x _ (00 x{%) = L 

• %' 6 C (]R) with x'(0) > and x' > 

a normalizing function. (This definition differs slightly from the one in | Wa] ) . 

If (-Dt)te[o,i] is a gap continuous path of selfadjoint operators with compact resol- 
vents, then f(D t ) is compact for any / G Co(IR) and continuous in t. In particular, 
if X is a normalizing function, then x{D t ) 2 — 1 is compact and depends continuously 
on t; furthermore since e 7ri ^ +1 ) - 1 G C (M), the unitary e m{ ^ Dt ^ G U K (H) 
depends continuously on t as well. 

Let S 1 = [0,l]/ ~i. 

The winding number of a loop s : S 1 -> U K {H) with s - 1 G C 1 ^ 1 , / x (if)) is 
defined by 

1 /■! 

iu(s) = - — / Tr(s(x) s'fa;)) dx . 
2m J 

The formula holds also for loops that are piecewise in C 1 (see [KLj ) . The winding 
number extends to a well-defined isomorphism 

We will work with the following definition of the spectral flow. We only need the 
case of operators with compact resolvents. See |Waj for a general definition. 
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Definition 1.1. Let (D t ) te [ ,i] be a gap continuous path of self adjoint operators 
with compact resolvents. Assume that Dq and D\ are invertible. Let x be a nor- 
malizing function such that x{Do) and x(Di) are involutions. Then the spectral 
flow of (A)te[o,i] is diven by 

The definition does not depend on the choice of the normalizing function. Further- 
more the spectral flow is homotopy invariant, invariant under orientation preserving 
reparametrisation and additive with respect to concatenation of paths. It can be 
defined for arbitrary intervals via reparametrisation. Sometimes we write sf (D t ) 
for sf((A)te[o,i])- 

The definition can be extended to the case where Do, D\ are not necessarily invert- 
ible: Choose a real-valued function <\> £ C°°([— 1,2]) supported in [—1, — ^] U [§, 2], 
with <j)(— 1) = <fi(2) and such that [— </>(— 1), 0) is a subset of the intersection of the 
resolvent sets of Dq and D\. The spectral flow of (D t )t£[o,i] is defined as the spec- 
tral flow of the path (D t )te[~i .2] given by D t := Dq + cf>(t) for t E [—1,0], D t = D t 
for t G [0, 1] and D t = D\ + <p(t) for t e [1,2]. The definition is independent of the 
choices. 

If (A)te[o,i] is a loop, then 

sf((A) te[ o,i]) = w([e^ D ^}) 
for any normalizing function 

For simplicity we will only consider paths with invertible endpoints. Using the 
definition one can then easily deduce formulas for the general case. 

In the following lemma, in preparation for the general case, we derive an integral 
formula for the spectral flow on a finite-dimensional Hilbert space. In its proof we 
will use some facts about the relative index of projections (sec [ASS ): 

The relative index of a pair (P,Q) of projections on H with P — Q € K(H) is 
defined by 

ind(P, Q) = ind{QP : P(H) Q{H)) . 
UP-Qe l\H), then 

ind(P, Q) = Tr(P - Q) . 

Furthermore 

sf (<(2P - 1) + (1 - t)(2Q - 1)) = ind(P, Q) . 

Lemma 1.2. Assume that H = (D™. Let (D t )te[o.i] be a path of self adjoint matrices 
with (t 1— > D t ) £ C^QO, 1], M„(C)) and assume that Dq, D\ are invertible. 

Let x £ C 1 (Hi) be a normalizing function. Then 
sf((A) te[ o,i]) - l -j\r{jD t ) X \D t )dt 

+ 1 Tr(2Pi - 1 - X {Di)) - ~ Tr(2P - 1 - x (£>„)) , 

where Pi = 1> (A)- 

Proof. For the moment assume that the restriction of x to [— c, c] is a polynomial, 
where c > is such that the spectrum of D t is contained in [— c, c] for all t € [0, 1]. 

Set F t = x(Di) + t(x(D a ) - x{Di)) and denote 
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Define a loop (Q t )te[o,2] by Q t := x(A) for t £ [0, 1] and Q t := F t _i for f e [1, 2]. 
Using the definition of the spectral flow we get 

sf((Qt) te[ 0,2]) = ^-/ lTre ^ (XPt) + 1) l e " (X(Dt) + 1) ^ 

2ni J dt 
Since sf((A)te[o,i]) + sf((P t )te[o,i]) = SI ((Qt)te[o,2]), h follows that 

Bf((A) te[ 0,l]) = ^j Q ' TTe ~ MXiDt) + 1) i eMXiDt) + 1) dt + L - 

The function g : [— c, c] — > C, g(A) = e m ' x ^ +1 ' extends to an entire function. 
Hence if T is a closed curve in C not intersecting [— c, c] and with winding number 
1 with respect to the origin, we have that 

9{D t ) = ±-.^g{\){D t -\)- 1 d\. 

From 

(A+fc - A)" 1 - (A - A)" 1 = (D t+h - A)" 1 (A - D t+h )(D t - A)" 1 
we conclude that 



|(A-A)- = -(A-A)-(|A)(A-A)- 



hence 



|^) = -^/ / (A)(A-A)-(|A)(A-A)-dA. 

th; 

(2^) jf Tr J v 9(^ l[x(Dt)+1) (D t - \)-\j t D t ){D t - XyUX dt 

(i)Y Tr(( ^ A)e ^ dt 



It follows that 

_ -7r»(x(£>t)+l) j^ e iri(x(£>t)+l) ^ 

27TZ ./n 

2 „1 



_ I/' 

2 7o 



Tr(|A)x'(A) dt • 



We evaluate L: An analogous calculation shows that 

±-j\re-^ +1 ^ t e^ F ^ dt = \ Tr^ - F ) = \ Tr( X (A) - x(A)) . 

The path F t = x(A) + i(x(A>) ~X(A)) is homotopic to the path (l-t)(2P 1 - 1) + 
t(2Po + 1) by a homotopy of paths with invertible endpoints. Hence, by homotopy 
invariance of the spectral flow and the properties of the relative index of projections, 

sf((^)te[o,i]) - af((l-t)(2Pi-l)+t(2P + l)) 
= Tr(Po-Pi) 

= lTr((2P -l)-(2Pi-l)) . 
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It follows that 

L = Itt( X (D q )-x(D 1 ))-^Tv((2P -1)-(2P 1 -1)) 
= \ Tr((2P! - 1) - X (r>!)) - \ Tr((2P - 1) - x(A>)) • 

Both sides of the formula are continuous in \ with respect to the norm of C 1 ( [— c, c] ) . 
Since we can approximate the restriction of any normalizing function to [— c, c] in 
C 1 ([— c, c\) by polynomials, the formula holds for any normalizing function. □ 

It is a well-known fact from functional analysis that if {D t ) te \o,i] is a gap continuous 
path of selfadjoint operators, then [0, 1] — > l°°(H), t f(D t ) is continuous for any 
/ £ C(JR). Hence if in addition g £ C(K) such that [0, 1] -> ^{H), (h ff (£) t ) 
is continuous, then [0, 1] — > ^(H), t f(D t )g(D t ) is continuous. We will tacitly 
make use of this property. 

For a selfadjoint operator D let H(D) be the Hilbert space whose underlying vector 
space is domD and whose scalar product is given by < v,w >d~< v,w > + < 
Dv,Dw >, where < , > is the scalar product on H. 

Theorem 1.3. Let (Dt)t&{o,i] be a path of selfadjoint operators with compact re- 
solvents and common domain such that (t ^ D t ) £ C^QO, 1], B(H(D ), H)) and 
let Do, D\ be invertible. 

Let <j) £ Co(IR) be such that supp0 is connected and <f> is positive on the interior 
(supp</>)° of its support and such that [0, 1] — > ^(H), t 4>{D t ) is continuous. 

Let x £ C 1 (1R) be a normalizing function with suppx' C (supp0)° and such that 
there is C > with 

|X 2 W - 1| < C<t>{x) and {\x\ + lf\x'{x)\ < C<f>(x) , 

where p = if Do — D t is bounded for all t £ [0, 1] and else p = 1. 

Then, with Pi := l> {Di), 

Bf((A)te[o,i]) = Tr(j t D t ) X '(D t ) dt 

+ l - Tr(2Pi - 1 - *(£>!)) - i Tr(2P - 1 - x (£> )) . 

Note that each term of the formula is invariant under conjugation by a path 
of unitaries (t/t)te[o,i] such that (t ^ U t ), (t h-> U*) £ C l {[Q, 1], l°°(H)) n 
C 1 ([0, 1], 1°°(H(Dq))): This is clear for the left hand side and for the contribu- 
tion of the endpoints. Furthermore 

Tv(jU t D t U t *)x'(U t D t U;) 

= Ti(jU t )D t U t * X '(U t D t U t *) + TiU t D t (jU t *) X '(U t D t U t *) 

+ TvU t (j t D t )U t * X '(U t D t U t *) 

= Tv{jD t ) X '{D t ). 
Here we used the cyclicity of the trace and that 

d Ut )u; + u t dun = ^(u t un = o. 
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Proof. We note that by the remark preceding the theorem the maps [0, 1] — > 
^(H), 1 1-> (x(A) 2 - 1) and [0, 1] -> ^(JJ), t i-> A)x'(A) are well-defined and 
continuous. 

First assume that x' 6 C£°(]R) and let i? > be such that suppx' G [-R, R]. We 
also assume that there are A,/i 6 C 1 ([0, 1]) with A, /i > R such that {— A(t), 
is a subset of the resolvent set of D t for all t £ [0, 1]. Then P t = 1[-A(t),^(t)] (Dt) 
is a path of projections with finite-dimensional range. We have that D t = PtD t ® 
(1 — Pt)D t and yf(D t ) = x'(PtD t ). For any t G [0, 1] there is a closed curve T and 
£ > such that 



p t = -L f(D t - xy'dx 



for all t G (to — e, to + £)• Since the resolvents depend differentiably on f in 
B(H,H(D )), it follows that (t h-> P t ) g C 1 ([0, 1], P(P, (A))))- We may find 
a family of isometries (ft : Pt{H) — > Po(-f ))te[o,i] such that (t i— » ft-Pt) G 
C x ([0, 1], i^(-f)) and such that f t P t f t * = P for each t G [0, 1]. 

We define the operator D t := U t P t D t P t U; on P (H). Clearly sf((A)te[o,i]) = 
sf((A) te[0 ,i])- 

Lemma 11721 applies to (-Dt)te [o,i]- Furthermore 
Tr(|A)x'(A) 

= Tr^(C/ t P t )Ax'(A)Pf; + TrA^(Pf t *)f t Px'(A) + Tr(^A)x'(A) 
= Tr(|p)Ax'(A) + Tr(|A)x'(A) 

= Tt(|a)x'(A). 

Here we used that 

Tr(^P t )Ax'(A0 = TrP t (j t P t )P t D tX '(D t ) = 
since Pt(f t Pt)Pt = 0. 

This proves the assertion under the two additional assumptions of the beginning of 
the proof. 

We still let x and R be as above, but now we drop the assumption on the existence 
of A(t),/x(t). We may find a partition = xq < x\ < ■■■ < Xk+i — 1 such 
that X(t),fi(t) as above exist on [xi,Xi+\] for each i. We cannot apply the above 
arguments directly since D Xi need not be invertible for i = 1, . . . , k. Let Q be the 
projection onto KerD^ + Ker D X2 + . . .KerD Xk . Let e > be such that [— e, 0) 
is in the resolvent set of D Xi for any i — 1, . . . , k and let <j> G C°°([0, 1]) be a real- 
valued function such that 0(1) = e and supp0 C (0, 1]. For i — 1, . . . , k — 1 we 
define (f>t)te[xi-i,x i+1 +x] by D\ := A, + 0(aj< - for t £ [xi — l,Xi], D\ = D t 
for t G [xjjXj+i] and D\ = D Xi+1 + <fi(t — Xi + i)Q for t G [x^+ii^+i + 1]. We 
define (^) te[x0)a . 1+1] by L> t ° = D t for t G [x ,Xi] and = D Xl + <f)(t - x x )Q for 
t G [xi,xi + 1] and furthermore (Dt)te[x k -i,x k+1 \ b Y A fc : = Ar* + </>(x fc - t)Q for 
t G [x fe - 1, x k ] and £> t fc = D t for t G [xfc, x fc+ i]. 

For each path D\ the previous part of the proof works. Furthermore 

k 

8 f(A0 = £ sf (4t)- 

z=0 
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For notational simplicity we assume that k = 1. Then by the first part of the proof 
sf(D») + s'0,') 



(-A)x'(A) dt 

+ 1 Tr(21> (^ 1+1 ) - 1 - x(A° 1+ i)) - ^ Tr(2P - 1 - x(A))) 

+ i Tr(2Pi - 1 - xW) - \ Tr(21> (^ i _ 1 ) - 1 - xO^-i)) 
The assertion follows since 

£ + '<lAV(AV i = -£ i (l4V0,V< 

and 

Tr(21> (^ 1+ i) - 1 - = Tr(21> (^ 1 _ 1 ) - 1 - x(^-i)) • 

Now consider general \. We may assume that supp</> = H. Let / G C£°(IR) be 
an even function with < / < 1 and /(0) = 1 and let f n {x) = /(f) for n G IN. 
Let V™ = x'fn- Let C„ = J °° M x ) dx and x„(x) = J** Vn(y) dy. Then x« is 
a normalizing function for each n. Furthermore Xn converges to x m C 1 (1R) for 
n — > oo. For \n the formula holds by the previous part of the proof. Since f n (D t ) 
is uniformly bounded and converges to the identity in l°°(H) for n — > oo, it follows 
that (f t D t )iP n (D t ) converges to (^A)x'(A) uniformly in J^ff). 

Furthermore for a; < we have that 

1 - \Xn(x)\ = ^r T My) dy < ^-(1 - |x(x)|) 
and similarly for x > 0. Hence for x e (— oo, 0) 

ii-x'wi <^-m ■ 

Thus 1 — Xn(-Di) 2 converges to 1 — x(A) 2 in Z 1 (i?) for i = 0,1. Furthermore 
(Xn(A) + (2Pi-l)) _1 converges to (x(A) + (2P* - l))" 1 in Z°°(P). It follows that 

X„(A) - (2Pi - 1) = (xliDi) - l)(Xn(A) + (2Pi - I))" 1 

converges to x(A) - (2P - 1) in ^(H). □ 

Corollary 1.4. Assume that (Dt)te[o,i] * s a of selfadjoint operators with com- 
pact resolvents and common domain such that (t i-> D t ) G ^([O, 1], B(H(D ), H)) 
and Dq, D\ are invertible and assume that there is U G U(H) with UDqU* = D\. 

Let <p G Co (1R) and assume that supp is connected and <j) is positive on the interior 
of its support and that [0, 1] — ► ^(H), t 4>{D t ) is continuous. 

Letip G Co(IR) be an even non-negative function with supp tp C (supp</>)°, ip(0) > 
and (\x\ + l) p \ip(x)\ < C<fi(x) where we set p = if Dq — D t is bounded for all 
t G [0, 1], and else p = 1. Let 

/oo 
dz < oo . 
-oo 

Then 

af((A)te[o,i]) = ^ jf Tt(|a)V(A) dt • 
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Proof. As in the last part of the proof of the theorem let / g C£°(JR) be an even 
function with < / < 1 and /(0) = 1 and let f n (x) = /(f) for n g IN. Let 
i/> n = ipfn- Let C n = J °° ip n (x) dx and x n (x) = ^ Jo 4>n(y) dy. The assertion 
holds since (^A)V'n(A) converges uniformly in ^(i?) to {■^D t )ij){D t ). □ 

2. Applications 

2.1. Paths of elliptic operators. Let M be a closed Riemannian manifold and 
E a hcrmitian vector bundle on M. Let (-Dt)te[o,i] be a path of elliptic symmetric 
differential operators of order one on L 2 (M,E) with invertible endpoints. Assume 
that the coefficients of D t depend smoothly on t. There is p > 1 such that the in- 
jection H 2 (M, E) — ► L 2 (M, E) is p/2-summable (with respect to any identification 
'h 2 (M,E) = L 2 (M,E)). Since 

(1 + D 2 )- 1 : L 2 (M, E) -f F 2 (M, £) 

depends continuously on t, we have that (1 + D 2 )~ p / 2 depends continuously on t in 
l x {L 2 {M, E 1 )). Let x e C 1 (1R) be a normalizing function such that there is C > 
with |x 2 (a;) - 1| < C(l + x 2 )-p/ 2 and (|a;| + l)|x'(z)| < C(l + x 2 )^ 2 . Then the 
formula in the theorem holds for \ an d (-C«)te[o,i]- 

Particular examples of normalizing functions fulfilling these conditions are the func- 
tions Xp an d X s defined in the following section. 

By the remark before the proof of the theorem the formula does not depend on the 
choice of the Riemannian metric on M and the hermitian structure on E, which 
are even allowed to vary smoothly with the parameter. Note that for the definition 
of j^Dt on C°°(M,E) no choice of Riemannian metric and hermitian structure is 
required. 

2.2. p-summable operators and 0-summable operators. We consider the 
spectral flow of (D t := D + A t ) t e[a.i] where D has compact resolvents, further- 
more D + Ai, i = 0,1, are invertible and one of the following two conditions is 
fulfilled: 

(I) (p-summable case.) (1 + D 2 ) -1 / 2 g P(H) for some p > 1 and (t i-> A t ) g 
C\%\],V*>{H)). 

(II) (9-summable case.) e~ S(,D e l x {H) for some so > and (t A t ) E 
C 1 ([0, 1], /^(i^)) and the map [0,1] -» l°°(H), t ^ [D, A t ](D + i)~ x is 
continuous. 

Assume (I). From the resolvent formula 

(D + A t ± iy 1 -(D± iy 1 = -(D + A t ± ± i)- 1 

it follows that the maps [0, 1] — > l p (H), (m [D + A t ±i)~ 1 are continuous. Hence 

[0,1] ^l\H), t » (1 + (D + A t ) 2 )-?/ 2 
is well-defined and continuous. 
A particular normalizing function is 

2 f x i 
X P (x) ■= jr \ (l + z 2 )-^ dz 
°p Jo 

with 

/CO 
(l + z 2 )-^ dz. 
-oo 
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There is C > such that 

\ X 2 p (x) - 1| < 2|(21> (z) - 1) - Xp (x)\ < C(l + ^T p/2 ■ 

Furthermore 

ix;wi = ^(i+^)-^<^-(i+- 2 r p/2 . 

Op Op 

Now consider (II). Define the normalizing function 

X *{ X ):=f-[e-> dz . 

Forfixeds > Owe have that \(21> Q (x)-l)-x s (x)\ < Ce^ 2 and \x s '(x)\ < Ce~ sx2 . 
In the following we show that 

[0,1] -+l\H), t^e-^ D+A ^ 

is continuous for s > 2sq. 

There is C > such that for small s 

\\((D + A t ) 2 -D 2 )e- sD ' 2 \\ = \\(DA t +A t D + A 2 )e- sD2 \\ 

= \\([D,A t }+2A t D + A 2 )e- sD2 \\ 

< Cs-^WRtiD + i^W 

with R t := [D, A t ] + 2A t D + A 2 . For s > the map [0, 1] -> B(H), t i-> R t e- sD2 
is continuous. Hence for s > small enough the series 

e -s(D+A t f- = Y^(-l) n s n / e~ UosD2 R t e- UlsD2 R t ...e- u " sD2 du ...du n 

with A„ = {(uo, • • • , u n ) C (0, l) n+1 | Y^i=o u i — 1} converges in B{H) and de- 
pends continuously on t. This implies that the operator [0,1] — > B(H), t i— > 
e -s(D+A t ) j g con tinuous. 

Furthermore by [GS| Theorem C] for si > s we have that e -si(-D+^t) 2 e l l {H) for 
any i € [0, 1] and there is A(so: si) 6 IR such that 

^- Sl{D+At ) 2 ^ < e \(s a , Sl )\\A t \\ 2 ^ e - Sa D 2 ^ _ 

Let s > 2si > 2sq. For h small 

e -s(D+A t ) 2 _ e -s(D+A (t+h) ) 2 

= (e-^-siX^+^t) 2 - e -(^-si)(£ , +^(t+M) 2 )( e - ;i i( £, +^t) 2 + e si(D+A (t+h) ) 2 ^ 
+ e -(s-si)(D+A (t+h) ) 2 e - Sl (D+A t ) 2 _ e -(s- Sl )(D+A t ) 2 e - Sl (D+A {t+h) ) 2 _ 

For ft, — > the first summand on the right hand side converges to zero in I (H) since 
the first factor does so in B{H) and the second factor is uniformly bounded in l l {H) 
by the previous estimate. Since e -*i( D +^*) 2 e I s - {H) and e ~(^-^)(D+A t ) 2 g 
clearly the second row on the right hand side also converges to zero in l l {H). It 
follows that for s > 2sq 

[0,1] ->Z X (H), t^e- s ^ D+A ^ 2 

is continuous. 

Summarizing, we conclude that in situation (I) the second condition of the theorem 
and the corollary is fulfilled for cf>(x) — (1 + a; 2 ) - 2 and in situation (II) for (j>{x) = 
e~ sx with s > 2sq. 

The theorem then implies for example the following formulas: 
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In situation (I) for C p and Xp as above 

sf((A) te[ o,i]) = (C p )- 1 ^ 1 Tr(|A)(l + ^ 2 )- £ * i dt 

+ \ Tr((2P! - 1) - X p{Di)) - \ Tr((2P - 1) - X P (D Q )) ■ 
If D + Aq and D + A\ are unitarily equivalent, then by the corollary 

sf((A) ie[0 ,i]) = (Cp-!)- 1 j\v{jD t ){l + Dlr^ dt . 
In situation (II) for s > 2sq and \ s as above 

sf((A)t e[ o,i]) - v?r Tr( ^ A)e ~ sD * * 

+ \ Tr((2P x - 1) - X s Pi)) - \ Tr((2P - 1) - X*(A,)) ■ 

In comparison with [CP2| . where these formulas have been proven for norm con- 
tinuous paths (A t ) t £[o,i] , we only require strong continuity. However, we have an 
additional condition in the 0-summable case. Also the contributions of the end- 
points are different. 

Another motivation for reconsidering the formulas here is that the proofs in 
CP1 CP2 are technically very involved. This is partially due to the fact that they 
include the case of Breuer-Fredholm operators affiliated to a semifinite von Neu- 
mann algebra. Another reason is that their method requires that 1 1— ► D t (l + D^ ) _ 5 
is diffcrentiable in an appropriate topology (see p.e. BCPRSW, §7.2]). This is much 
more difficult to prove than the differentiability of the path of resolvents in l p (H) 
resp. of the path e~ sDt in I (H), which was enough in our approach. 
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